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Abstract. A system of a quantum harmonic oscillator bi-linearly coupled with a Glauber
amplifier is analysed considering a time-dependent Hamiltonian model. The Hilbert space of
this system may be exactly subdivided into invariant finite dimensional subspaces. Resorting
to the Jordan-Schwinger map, the dynamical problem within each invariant subspace may be
traced back to an effective SU(2) Hamiltonian model expressed in terms of spin variables
only. This circumstance allows to analytically solve the dynamical problem and thus to study
the exact dynamics of the oscillator-amplifier system under specific time-dependent scenarios.
Peculiar physical effects are brought to light by comparing the dynamics of such a system with
that of two interacting standard oscillators.
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1. Introduction
In 1982 Glauber introduced the idea of quantum amplifier [1, 2] modelled through an inverted
harmonic oscillator, that is, a system whose Hamiltonian may be represented as
− h¯ω(cˆ†cˆ+1/2), (1)
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where cˆ and cˆ† are bosonic operator satisfying the usual commutation rule [c,c†] = 1. The
eigenstates of the Hamiltonian are [4]
|n〉= (cˆ
†)n√
n!
|0〉 (2)
where the null state is defined as cˆ|0〉 = 0. It is important to point out that such a state is not
the ground state of the system since the inverted oscillator does not possess a ground state
being its spectrum unbounded from below. Moreover, it is worth noticing that the operator
cˆ†, still increasing the number n of excitations, moves indeed the inverted oscillator system
towards lower energy states (and vice versa for cˆ).
In Refs. [1, 2] Glauber studies the thermodynamics of the amplifier system when
it interacts with a bath of standard quantum harmonic oscillators. The same system is
investigated in Ref. [4]. In order to take into account interaction terms preserving the
energy of the system H0 = ∑i h¯ωiaˆ
†
i aˆi− h¯ωccˆ†cˆ, Glauber first considers the following model:
∑i h¯ωiaˆ
†
i aˆi− h¯ωccˆ†cˆ+∑i(kiaˆicˆ+ k∗i aˆ†i cˆ†), where aˆi and aˆ†i are the bosonic operators of the
i-th standard oscillator. Glauber makes evident the peculiar features of such a ‘non-standard’
system by making a comparison with the more familiar system comprising a ‘standard’
harmonic oscillator interacting with the bath.
The interest of Glauber in studying such a kind of system stems from fundamental issues
concerning quantum mechanics [1, 2]. Precisely, he proposed the inverted oscillator as a
toy-system through which to investigate and to explain exponential decaying of physical
quantities and irreversible processes such as wavefunction collapse. It is well known
indeed that such observed phenomena cannot be deduced from first principles at the basis
of quantum mechanics. Rather, they often qualitatively emerge as possible result of some
phenomenological coupling with the environment. To circumvent such a phenomenological
approach, Glauber strategically introduces the inverted quantum harmonic oscillator avoiding
in this way the consideration of a disturbing bath. The merit of such addressing is that it leads
to irreversibility as a by-product of intrinsic dynamical processes.
It is worth noticing, moreover, that a measurement act is an amplification process,
characterized by a strong irreversibility. Thus Glauber’s idea of an inverted quantum harmonic
oscillator behaving as amplifier, appears strictly connected with the peculiar aspect of any
measurement process in quantum mechanics. Quoting Glauber [2], “it is the quantum
mechanical nature of the amplification process ultimately that makes it both noisy and
irreversible, preventing in this way strange undesired phenomena.
The inverted harmonic oscillator, of course, is an ideal system currently impossible to be
experimentally realized. However, it should be emphasized that the “interaction engineering”
enables today the realization in laboratory of a growing number of Hamiltonian models useful
to simulate the behaviour of quantum systems of interest in many contexts. In this respect,
a promising possibility is the development of sophisticated quantum circuit techniques [3].
Moreover, it is important to stress that what we are interested in are physical systems that,
under specific conditions, behave in such a way that they can be mathematically described by
a quantum Glauber amplifier interacting with a bath of quantum harmonic oscillators. Two
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examples of such systems are: 1) a single atom with huge angular momentum J and subjected
to a magnetic field; 2) a set of N two-level atoms identically coupled to the same field.
When the systems start from an eigenstate of Jz (in case of N spin-1/2 the total component
Jz = ∑i j
z
i ) with value not to far from J, their superfluorescent emission dynamics can be well
approximated with that of the Glauber system. For the sake of precision, such systems are
non-linear amplifiers since the acceleration of the radiation rate do not continue indefinitely.
The dynamical regime related to large values of Jz can be, however, quite accurately described
in terms of linear quantum amplifiers [1, 2].
It is worth to recalling that the first experimental implementation of a Glauber-like system
has been realized in a non-linear optics context through shock wave generation [5]. In this case
we speak of Glauber-like amplifier since the system is properly described by the Hamiltonian
of a reversed quantum harmonic oscillator rather than an inverted one: it is characterized by
positive kinetic energy and a neative potential energy (in the Glauber amplifier, instead, both
the energy contributions are negative). The Glauber amplifier presents thus a high potentiality
both to stimulate innovative ideas to test fundamental physical issues and to designing new
devises [5].
At the light of these suggestions, in this paper we study the dynamics of a standard
quantum oscillator coupled with a quantum Glauber amplifier when the Hamiltonian
parameters are time-dependent. We are interested in the interaction terms conserving the
number of excitations, rather than the energy of the system. Through the Jordan-Schwinger
map, the oscillator-amplifier dynamical problem, within each dynamically invariant Hilbert
space related to a precise excitation number N, is reduced into that of a single spin of value
N/2. In this way, we are able to formally construct the time evolution operator and get the
exact dynamics of the system for specific initial conditions under prescribed time-dependent
scenarios, such as the Rabi [6] and the Landau-Majorana-Stückelberg-Zener (LMSZ) [7]
ones. We calculate the mean value of the energy when the system is initially prepared
in the generalized NOON state (cos(θ)|N0〉+ eiφ sin(θ)|0N〉)/√2. Furthermore, following
the same spirit of the Glauber’s work, we compare the dynamics of the quantum oscillator-
amplifier system with that of two interacting standard quantum oscillators described by the
analogous time-dependent Hamiltonian model preserving the total number of excitations.
Indeed, also in this case we are able to explicitly write the time evolution operator when
precise time-dependent scenarios are considered. Remarkable differences between the two
dynamical systems are brought to light by studying the transition probability between the
states |10〉 and |01〉 and the mean value of the energy for the NOON state (|10〉+ |01〉)/√2.
The paper is organized as follows. In Sec. 2 the quantum oscillator-amplifier
Hamiltonian model is presented together with the formal solution of the time evolution
operator based on the Jordan-Schwinger map. The mean value energy for generalized NOON
states is calculated in Sec. 3. Section 4 reports, instead, the exact dynamics for such states
is reported for two time-dependent scenarios: the Rabi [6] and the LMSZ [7] ones. The
comparison with the exact dynamics of the system of two interacting standard harmonic
oscillators is developed in Sec. 5. Finally, in the last section 6 conclusive remarks are
discussed.
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2. Hamiltonian Model and Formal Solution of the Dynamical Problem
Let us consider the following Hamiltonian model representing a quantum optical system
comprising a quantum oscillator interacting with a Glauber amplifier, namely:
Hho(t) =
Ω(t)
2
(αˆ†αˆ − βˆ †βˆ )+ω(t)αˆ†βˆ +ω∗(t)βˆ †αˆ, (3)
Systems of parametric oscillators were studied in Ref. [8] exploiting a mathematical approach
based on the integrals of motion linear in the position and momentum. The problem of
oscillator equilibrium states was also discussed in Ref. [9, 10].
It can be verified that ˆN = αˆ†αˆ + βˆ †βˆ is constant of motion of Hho(t) with integer
eigenvalues N = n1+n2 = 1,2,3, . . . . The infinite Hilbert space can, thus, be subdivided into
finite Hilbert subspaces labelled by N and having dimension N+ 1. It is worth pointing out
that, on the basis of the Jordan-Schwinger map (see [11, 12, 13]):
Sˆ+ = αˆ
†βˆ , Sˆ− = βˆ †αˆ , Sˆz =
1
2
(αˆ†αˆ − βˆ †βˆ ), (4)
the effective Hamiltonian governing the dynamics of this quantum optical system can be
mapped in each dynamically invariant subspace into that of a spin s, namely
Hs(t) = ω(t)Sˆ++ω
∗(t)Sˆ−+Ω(t)Sˆz, (5)
where the value of the spin is linked to the number of total excitations by s = N/2. This is
the key-point which allows us to derive the exact analytical expression of the time evolution
operator of the two coupled quantum harmonic oscillator model.
We know [14, 15] that the time evolution operator U1/2 of H1/2 for a spin 1/2 may be
written as
U1/2 =
(
a(t) b(t)
−b∗(t) a∗(t)
)
(6)
where a≡ a(t) and b≡ b(t) are two parameter time-functions, being solutions of the system

a˙(t) =−iΩ(t)
2
a+ iω(t)b∗(t),
b˙(t) =−iω(t)a∗(t)− iΩ(t)
2
b(t),
a(0) = 1, b(0) = 0,
(7)
stemming directly from the equation iU˙1/2 = H1/2U1/2 (h¯= 1).
The time evolution operator Us, solution of the equation iU˙s = HsUs, in the standard
ordered basis of the eigenstates of the third component (Sˆz) of the spin s: {|m〉,m =
s,s− 1, . . . ,−s}, may be written in terms of the same two parameter time-functions a and
b as follows [14, 15]
Um,m
′
s (a,b)≡ 〈m|Us|m′〉= ∑
µ
Cm,m
′
s a
s+m′−µ(a∗)s−m−µbm−m
′+µ(b∗)µ , (8)
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where [14, 15]
Cm,m
′
s = (−1)µ
√
(s+m)!(s−m)!(s+m′)!(s−m′)!
µ!(s+m′−µ)!(s−m−µ)!(m−m′+µ)! . (9)
Whatever m and m′ are, the summation, formally a series generated by µ running over
the integer set Z, is a finite sum, generated by all the values of µ satisfying the condition
Max[0,m′ − m] ≤ µ ≤ Min[s+ m′,s− m]. In this manner, ∣∣Um,m′j (a,b)∣∣2 represents the
probability to find the N-level system in the state with z-projection m when it is initially
prepared in the state with z-projection m′. This means that by solving the problem for a single
spin-1/2 we may derive and construct the solution for the analogous problem of a generic spin
s subjected to the same time-dependent magnetic field.
We noticed before that the total Hilbert spaceH of the two quantum harmonic oscillators
is divided into dynamically invariant and orthogonal Hilbert subspaces HN related to the
different integer eigenvalues of the integral of motion ˆN , that is the different values of
collective excitations of the system. We may write so
H =
⊕
N
HN, (10)
with N = n1+n2, and consequently the time evolution operator V of Hho may be cast in the
following form
V =
⊕
N
VN, (11)
where VN is a unitary operator responsible of the time evolution of the two harmonic
oscillators in the subspace with N excitations. In this manner it is easy to see thatV possesses
the property
〈n1,n2|V |m1,m2〉=
{
6= 0, n1+n2 = m1+m2
0, n1+n2 6= m1+m2
(12)
reflecting clearly the orthogonality between the Hilbert subspaces related to different values
of total excitations.
By taking into account the following equalityVN =UN/2, on the basis of the J-S mapping,
it is easy to check that the general probability amplitude in the coordinate representation, result
〈x′1,x′2|V |x1,x2〉=
∞
∑
n1,n2,m1,m2=0
〈x′1,x′2|n1,n2〉〈n1,n2|VN|m1,m2〉〈m1,m2|x1,x2〉
=
∞
∑
N=0
N
∑
n,m=0
〈x′1,x′2|n,N−n〉〈n,N−n|UN/2|m,N−m〉〈m,N−m|x1,x2〉,
(13)
where we used the completeness relation ∑∞n1,n2=0 |n1,n2〉〈n1,n2| = 1, even representable as
∑∞N=0 ∑
N
n=0 |n,N−n〉〈n,N−n|= 1, with n1+n2 = N. We see that the final expression in (13)
is well defined since the general term 〈n,N−n|U (N/2)|m,N−m〉 may be recovered by Eqs.
(8) and (9), while from the basic books of quantum mechanics it is well known that [16]
〈x|n〉= 1
pi1/4
√
2nn!
1
x
n+1/2
0
(
x− x20
d
dx
)n
exp
{
−1
2
(
x
x0
)2}
, (14)
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with x0 =
√
h¯/mω˜ , where m and ω˜ are the mass and the angular frequency of the classical
oscillator, respectively. However, it is important to point out that, though we may write the
formal expression of 〈x′1,x′2|V |x1,x2〉, such a formula cannot be practically exploited since in
such a case an infinite number of invariant subspace are involved; the same happens, e.g., for
coherent states.
3. Time Evolution and Energy Mean Value for NOON States
Our analysis reveals its usefulness when initial conditions involving a finite number of
subspaces are considered. In this respect, let us study the generalized NOON states
|Ψθ ,φN (0)〉= cos(θ)|N0〉+ eiφ sin(θ)|0N〉, N = 1,2, . . . (15)
belonging to the subspace labelled by N. On the basis of our previous analysis, it is
easy to see that the evolved state of the general NOON state can be formally written as
|Ψθ ,φN (t)〉=VN|Ψθ ,φN (0)〉=UN/2|Ψθ ,φN (0)〉.
It is possible to persuade oneself that, for a general excitation number N, we have
〈Ψθ ,φN (t)|
αˆ†αˆ − βˆ †βˆ
2
|Ψθ ,φN (t)〉
=
N
2
(|a|2−|b|2)cos(2θ)+Re[ab∗e−iφ ]sin(2θ)δ1N, (16a)
〈Ψθ ,φN (t)|αˆβˆ †|Ψθ ,φN (t)〉= [〈Ψθ ,φN (t)|αˆ†βˆ |Ψθ ,φN (t)〉]†
=−Nabcos(2θ)+ a
2e−iφ −b2eiφ
2
sin(2θ)δ1N . (16b)
From the previous expression it is easy to check that for N ≥ 2 and θ = pi/4 the two
expressions vanish. It is worth pointing out that such a circumstance is independent of the
specific time-dependence of the Hamiltonian parameters. This fact means that, when the
initial condition is Ψ
pi/4,φ
1 (0), the time evolution of the mean value of the energy reads
〈Ψpi/4,φ1 (t)|H(t)|Ψpi/4,φ1 (t)〉= ΩRe[ab∗e−iφ ]+Re[ω∗(a2e−iφ −b2eiφ )], (17)
while the following classes of NOON states
|Ψpi/4,φN (0)〉=
|N0〉+ eiφ |0N〉√
2
, N ≥ 2, (18)
whatever the time-dependent scenario is, exhibit a constant vanishing mean value of the
energy in time, that is:
〈Ψpi/4,φN (t)|H(t)|Ψpi/4,φN (t)〉= 0, (19)
where |Ψpi/4,φN (t)〉 = VN|Ψpi/4,φN (0)〉 = UN/2|Ψpi/4,φN (0)〉. The origin of such a result may
be understood in terms of the concurrence of different factors: the symmetry of the states,
the su(2) symmetry of the dynamics and the specific operators we have taken into account.
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Indeed, it is possible to verify that if we consider, in the case N = 2, the state (|20〉+ |11〉+
|02〉)/√3, we get a non-vanishingmean value of the energy. Analogously, if consider the non-
linear operators (αβ †)2, (α†β )2, (αˆ†αˆ − βˆ †βˆ )2/4 and the initial state |Ψθ ,φ2 (0)〉 we obtain
〈Ψθ ,φ2 (t)|
(αˆ†αˆ − βˆ †βˆ )2
4
|Ψθ ,φ2 (t)〉
= |a|4+ |b|4+2Re[(ab∗)2e−iφ ]sin(2θ), (20a)
〈Ψθ ,φ2 (t)|(αˆβˆ †)2|Ψθ ,φ2 (t)〉= [〈Ψθ ,φ2 (t)|(αˆ†βˆ )2|Ψθ ,φ2 (t)〉]†
=
(a4e−iφ +b4eiφ )cos(θ)sin(θ)+a2b2
2
, (20b)
which are different from zero also for θ = pi/4, so that the mean value of the energy is
neither vanishing nor constant in time. We stress, moreover, that such a calculation shows
that correlations between the inverted and the normal quantum harmonic oscillator are present
since the covariances of the operators under scrutiny do not vanish.
4. Time evolution under specific scenarios
In this section we analyse specific time-dependent scenarios to show the practical applicability
of our analysis and results previously discussed.
4.1. Time-Independent Case
First of all, let us take into account the simplest case, that is when the Hamiltonian parameters
are time-independent: Ω(t) = Ω0 and ω(t) = ω0. Moreover, let us consider, for simplicity,
ω0 a real parameter; such a choice is justified by the fact that a unitary transformation (a
rotation with respect to zˆ) can be always performed in order to make ω a real parameter. In
this instance the two time-function parameters a and b, solving the system in Eq. (7), acquire
the following form
a(t) =
[
cos(τ)− i Ω0
2h¯ν
sin(νt)
]
, b(t) =−iω0
h¯ν
sin(νt), (21)
with h¯ν ≡
√
Ω20/4+ω
2
0 . In this way we can get explicit analytical expressions for all the
formulas we obtained before. We can calculate, for example, the time evolution of the mean
value of the energy. In Fig. 1 we report the θ -dependence of such a quantity when the system
is initialized in the state |Ψθ ,01 〉, whose general expression is reported in Eq. (17);it is easy
to see that in this time scenario, as expected, the mean value energy is constant in time and
depends only on the parameter θ [see Eq. (15)].
4.2. Rabi Scenario
Now, we consider the real coupling parameter oscillating in time, namely ω(t) = ω0 cos(ν0t),
and leave the parameter Ω(t) = Ω0 constant. Such a physical scenario, in terms of the
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Figure 1: (Color online) Mean value of the energy in Eq. (17) scaled with respect to the
parameter Ω(t) = Ω0, with ω(t) = 0.1Ω0 and versus the parameter θ , when the quantum
oscillator-amplifier system starts from the state |Ψθ ,01 〉 [Eq. (15)].
spin language, may be reduced to the well known Rabi model [6]. Precisely, under the
conditions ω0/Ω0 ≪ 1 and ν0 = Ω0/2h¯ (resonance condition), only the rotating terms of the
time-dependent transverse field (ω) are relevant for the dynamics of the system, so that the
counter rotating ones can be disregarded. In this instance, the coupling parameter becomes
ω = cos(ν0t)− isin(ν0t). The related dynamical problem may be exactly solved and the
expressions of a and b defining the time-evolution operator, solutions of (7) read
a= cos(kτ ′)e−iτ
′
, b=−isin(kτ ′)e−iτ ′, τ ′ = ν0t, k = ω0/Ω0. (22)
The time evolution of the mean value of the energy [Eq. (17)] when the quantum oscillator-
amplifier system starts from the state |Ψpi/4,01 〉 [Eq. (15)], is reported in Fig. 2a, for
ω0/Ω0 = 0.1, with respect to the dimensionless time τ
′ = ν0t. We see the presence of the
typical oscillatory regime of the Rabi scenario, being
〈Ψpi/4,01 |U†HU |Ψpi/4,01 〉= ω0 cos(kτ ′). (23)
4.3. Landau-Majorana-Stückelberg-Zener Scenario
The Landau-Majorana-Stückelberg-Zener (LMSZ) scenario [7] is characterized by a linear
longitudinal (in the z direction) ramp, namely, Ω(t) = γ t, with t ∈ (−∞,∞) and a transverse
(along the x direction) constant field, ω = ω∗ = ω0. The LMSZ scenario is an ideal model
since it provides for an infinite duration of the physical procedure. To comply with more
physical experimental condition, it is more appropriate to consider finite values for the initial
and final time instants. In this case, the exact solution of a(t) and b(t) for the system in Eq.
Dynamics of a harmonic oscillator coupled with a Glauber amplifier 9
(7) read [17]
a=
Γ f (1− iχ)√
2pi
×[
Diχ(
√
2e−ipi/4τ) D−1+iχ(
√
2ei3pi/4τi)+Diχ(
√
2ei3pi/4τ) D−1+iχ(
√
2e−ipi/4τi)
]
, (24a)
b=
Γ f (1− iχ)√
2piχ
eipi/4×[
−Diχ(
√
2e−ipi/4τ) D−1+iχ(
√
2ei3pi/4τi)+Diχ(
√
2ei3pi/4τ) D−1+iχ(
√
2e−ipi/4τi)
]
(24b)
where χ = 2ω20/h¯γ is the LMSZ parameter, Γ f is the gamma function,Dν(z) are the parabolic
cylinder functions [18] and τ =
√
γ/h¯ t is a time dimensionless parameter; τi identify the
initial time instant.
The plot of the mean value of the energy for the initial condition |Ψpi/4,01 〉 in such a
scenario is reported in Fig. 2b. We note that the curve is symmetric with respect to the time
instant (t = 0) in which the avoided crossing occurs. This circumstance can be understood by
writing the state of the system at a general time instant t:
U1/2(t)|Ψpi/4,01 〉=
(a+b)|10〉+(a+−b∗)|01〉√
2
, (25)
and by considering that under the LMSZ scenario a(t) [b(t)] goes from 1 [0] to 0 [1]. Thus, it
means that the system reaches asymptotically the state (|10〉− |01〉)/√2 which differs from
the initial condition [(|10〉+ |01〉)/√2] only for the relative phase factor.
5. Comparison with the two interacting standard harmonic oscillator model
Let us consider now the same model for two standard quantum harmonic oscillators:
H ′ho =
Ω(t)
2
(αˆ†αˆ + βˆ †βˆ )+ω(t)αˆ†βˆ +ω∗(t)βˆ †αˆ, (26)
It is easy to understand that the total excitation number ˆN = αˆ†αˆ + βˆ †βˆ is a constant of
motion for this Hamiltonian too, [H ′(t),N ] = 0. This fact implies that, also this time, we
have an infinite number of dynamical invariant Hilbert subspaces related to the different
eigenvalues N = 1,2 . . . of ˆN . It is possible to persuade oneself that, in this case, the
two oscillator dynamical problem may be mapped within the N + 1-dimensional subspace
(linked to the eigenvalueN ofN ) into a spin-N/2 dynamical problem related to the following
Hamiltonian:
HN =
N
2
Ω(t)1ˆ+ω(t)Sˆ++ω∗(t)Sˆ− (27)
In this instance, the time evolution operator governing the dynamics within such a subspace
can be written as
VN(t) = exp
{
− i
h¯
N
2
∫ t
0
Ω(t ′)dt ′
}
UN/2(t) (28)
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Figure 2: (Color online) Mean value of the energy when the oscillator-amplifier [oscillator-
oscillator] system starts from |Ψpi/4,01 〉 for a) the Rabi scenario with ω0/Ω0 = 0.1 and b) the
LMSZ scenario when ω20/h¯γ = 1. Mean value of the energy when the oscillator-oscillator
system starts from |Ψpi/4,01 〉 for c) the Rabi scenario with ω0/Ω0 = ω0/2h¯ν0 = 0.1 and d) the
LMSZ scenario when ω20/h¯γ = 1.
withUN/2 defined in Eq. (8), where a(t) and b(t) are the solutions of the system of differential
equations originating from the spin-1/2 dynamical problem:

a˙(t) = iω(t)b∗(t),
b˙(t) =−iω(t)a∗(t),
a(0) = 1, b(0) = 0,
(29)
In the time-independent case, Ω(t) = Ω0 and ω(t) = ω0, the expressions of a(t) and b(t)
are
a(t) = cos(ω0 t/h¯), b(t) =−isin(ω0 t/h¯). (30)
In the Rabi scenario, that is, when ω(t) = ω0e
−iν0t , the two parameter time functions read
instead
a(t) = cos(τ˜), b(t) =−i ω0
h¯νR
sin(τ˜), τ˜ = νR t, νR =
√
ν20 +ω
2
0/h¯
2. (31)
In the LMSZ scenario (Ω(t) = γ t, ω = ω∗ = ω0) the expressions of the two time functions
are very similar to those in Eq. (30), namely
a(t) = cos(
√
χ/2 τ), b(t) =−isin(
√
χ/2 τ), τ =
√
γ/h¯ t, χ = 2ω20/h¯γ, (32)
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since Ω(t), in case of two interacting standard oscillators plays no role in determining a(t)
and b(t), as it is clear from Eq. (29).
The time evolution of the mean value of the energy when the two interacting quantum
oscillators are initially prepared in |Ψpi/4,01 〉 is reported in Figs. 2c and 2d for the Rabi and the
LMSZ scenario, respectively, with ω0/Ω0 = ω0/2h¯ν0 = 0.1 in the first case and ω
2
0/h¯γ = 1 in
the second case. We see that the Rabi scenario preserves, of course, its qualitative oscillatory
regime, although the oscillation is consistently different presenting a beat effect, since
〈Ψpi/4,01 |U†HU |Ψpi/4,01 〉=
Ω0
2
+ω0 cos(ν0t)
[
cos2(νRt)+
ω20
h¯2ν2R
sin(νRt)
]
(33)
A drastic change, instead, happens in the LMSZ scenario for which we have
〈Ψpi/4,01 |U†HU |Ψpi/4,01 〉=
√
h¯γ τ +ω0. (34)
This is due to the fact that the dynamics of the two-oscillator system is unaffected by the
parameter Ω(t). The physical reason is that, in the LMSZ framework, Ω(t) is the main
parameter driving the time evolution of the system and realizing the characteristic LMSZ
dynamics as it happens for the oscillator-amplifier system.
To appreciate the difference between the dynamics of the two quantum systems even
better, let us consider now the time evolution of the state |N0〉; it is easy to see that
P0NN0 = 〈0N|N0(t)〉 ≡ 〈0N|VN(t)|N0〉= 〈0N|UN/2(t)|N0〉= |b(t)|2N. (35)
We note that in the time-independent case, for the two standard oscillators, P0NN0 =
sin2N(ω0t/h¯) presents oscillations with maximum amplitude. In the case of an
oscillator coupled with a Glauber amplifier, instead, such a transition probability, P0NN0 =
(ω0/h¯ν)
2N sin2N(νt), cannot reach, in general, the maximum value P0NN0 = 1, unless in the
more trivial case Ω0 = 0. The opposite situation occurs in the case of the Rabi scenario. We
have, indeed, P0NN0 = (ω0/h¯νR)
2N sin2N(τ˜) for two oscillators and P0NN0 = sin
2N(kτ ′) for the
quantum oscillator-amplifier system. This circumstance can be traced back to the fact that
the resonant condition cannot be satisfied in the case of two standard oscillators (Ω0 plays no
role in the dynamics). Finally, we underline that the LMSZ scenario, in case of two standard
oscillators, does not generate the typical LMSZ transition probability, but the behaviour of
P0NN0 results sinusoidal in time: P
0N
N0 = sin
2N(τ˜). The oscillator-amplifier system, instead,
exhibits an asymptotic full transition from |N0〉 to |0N〉 under adiabatic conditions, that is,
when ω0/γ ≪ 1. The two different probabilities for the LMSZ scenario are reported in Figs.
3a and 3b in case of N = 1 with ω20/h¯γ = 1.
6. Conclusive remarks
Jordan [9] and Schwinger [10] have shown that the angular momentum operators can be
expressed in terms of quadratic expressions of two bosonic annihilation and creation operators
aˆ1, aˆ2 and aˆ
†
1, aˆ
†
2. Such a general statement is known as Jordan-Wigner map (4). Namely, given
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Figure 3: (Color online) Time evolution of the probability P0110 = 〈01|U1/2(t)|10〉= |b(t)|2 in
the LMSZ scenario with ω20/h¯γ = 1 for a) the oscillator-amplifier system and b) the oscillator-
oscillator system.
three N×N-matrices A, B andC such that [A,B] =C, the three operators Aˆ= ∑Nj,k=1A jkaˆ†j aˆk,
Bˆ = ∑Nj,k=1B jkaˆ
†
j aˆk and Cˆ = ∑
N
j,k=1C jkaˆ
†
j aˆk satisfy the commutation relation [Aˆ, Bˆ] = Cˆ. If
matrices A, B and C are 2× 2 Pauli matrices this statement provides possibility to construct
all the spin-states with S = 0,1/2,1,3/2, . . . in terms of two oscillator states |n1,n2〉, where
n1 + n2 = 2s+ 1. The original idea was to exploit the solutions of the non-stationary
Schrödinger equation related to two-mode parametric oscillators to map them into solutions
of the Schrödinger equation related to non-stationary Hamiltonians linear in the generators of
the SU(2) group.
In this paper, instead, we adopted exactly the opposite strategy. Through the Jordan-
Wigner mathematical trick, within each invariant subspace, it is possible to map the dynamical
problem of the oscillator-amplifier system into that of a single spin- j (the value of j depends
on the dimension of the subspace) characterized by a Hamiltonian linear in the SU(2)
generators. Thanks to the knowledge of the formal expression of the SU(2)-group elements
(representing the time evolution operators solution of the dynamical problem of the general
single spin- j) we constructed the time evolution operator of the quantum oscillator-amplifier
system. Moreover, on the basis of the knowledge of exact solutions pertaining to specific
time-dependent scenarios, we studied the exact dynamics of the oscillator system. Following
the same approach, we solved and analysed also the dynamics of two interacting (standard)
quantum harmonic oscillators. A comparison between some dynamical properties exhibited
by the oscillator-amplifier system and the oscillator-oscillator one has allowed us to bring to
light relevant physical analogies and differences.
We emphasize that other exact or approximated solutions of the single qubit dynamical
problem [19, 20, 21, 22, 23, 24] may be exploited to study the dynamics of the systems under
scrutiny subjected to different physical conditions with possible useful applications. It is
worth to point out that an analogous approach has been used to treat and solve dynamical
problems of interacting qubit system [25, 26, 27] and proved to be useful to bring to light
relevant physical effects [28, 29, 30, 31].
We wish to point out that the same strategy can be used for arbitrarily Hamiltonians
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presenting a linear form in the generators of any Lie algebra. Also these generators, indeed,
can be expressed in terms of bosonic or fermionic creation and annihilation operators as
quadratic forms in operators with time-dependent coefficients. In that case, it results of
basic importance the knowledge of exact solutions of dynamical problems characterized by
different symmetries. In this respect, it is interesting to underline that a solution method
has been recently proposed for dynamical problems related to su(1,1) Hamiltonians [32, 33].
Such kind of Hamiltonians are very useful and important to treat and study open quantum
systems living in finite Hilbert spaces and described by pseudo-Hermitian Hamiltonians, such
as PT -symmetry physical systems [34, 35, 36, 37, 38]. Moreover, it is interesting to stress
that in case of infinite dimensional Hilbert spaces, like quantum oscillators and amplifier, the
representation of the SU(1,1) group results unitary and then appropriate to describe coherent
dynamics of closed physical systems.
Finally, a further possible perspective of the present work could be investigating the
same system in presence of a bath of quantum oscillators. However, the correspondent more
complex Hamiltonian model would be no longer characterized by the existence of invariant
finite dimensional su(2)-symmetry subspaces. Moreover, it would be very difficult to use the
Jordan-Schwinger map in order to simplify the problem by describing it in terms of spin
variables. To appreciate this point it is enough to consider that a Glauber amplifier in a
bath of oscillators could be described, in principle, in terms of several coupled spins; but
such a problem would present analytical difficulties comparable with those appearing in the
oscillator formulation. In this instance, thus, the exact treatment of the dynamical problem
would become hard, requiring, as a consequence, the consideration of other approaches as, for
example the ones reported in Refs. [9, 10]. It is interesting, for example, even the approach
reported in Ref. [40] based on the derivation of the Gorini-Kossakowski-Lindbland-Sudarshan
equation[39] master equation as well as on the Wigner function to get intriguing physical
dynamical feature of the system. In our case, however, the presence of time-dependent
Hamiltonian parameters gives rise to further difficulties. But to this end, a possible approach
would be the one based on the so-called quantum-classical Liouville equation stemming from
the partial Wigner transpose. In this instance, the oscillator variables are treated as classical
parameters making less cumbersome the numerical analysis of the problem [41].
References
[1] R. J. Glauber, Proceedings of the Second Zvenigorod Seminar on Group Theoretical Method in Physica,
Vol. I p. 137 (1982).
[2] R. J. Glauber, Ann. New York Acad. Sci. 480, 336 (1986).
[3] C. S. Wang, Quantum simulation of molecular vibronic spectra on a superconducting bosonic processor,
arXiv:1908.03598v1 (2019).
[4] S. Tarzi, J. Phys. A: Math. Gen. 21 3105-3111 (1988).
[5] S. Gentilini, M. C. Braidotti, G. Marcucci, E. Del Re, and C. Conti, Sci. Rep. 5, 15816 (2015).
[6] I. I. Rabi, Phys. Rev. 51 652 (1937); I. I. Rabi, N. F. Ramsey and J. Schwinger, Rev. Mod. Phys. 26 167
(1954).
[7] L. D. Landau, Phys. Z. Sowjetunion 2, 46 (1932); E. Majorana, Nuovo Cimento 9, 43 (1932); E. C. G.
Stückelberg, Helv. Phys. Acta 5, 369 (1932); C. Zener, Proc. R. Soc. London, Ser. A 137, 696 (1932).
Dynamics of a harmonic oscillator coupled with a Glauber amplifier 14
[8] V. V. Dodonov and V. I. Man’ko, Proceedings of the P. N. Lebedev Physical Institute, Nauka, Moscow
(1987), Vol. 183 [Nova Science, Commack, New York (1989)].
[9] R. Glauber and V.I. Man’ko, Sov. Phys. JETP 60, 450 (1984).
[10] R. Glauber and V.I. Man’ko, Proceedings of the P. N. Lebedev Physical Institute, Nauka, Moscow (1986),
Vol. 167 [Nova Science, Commack, New York (1987)].
[11] R. Jordan, Z. Phys. 94, 531 (1939).
[12] J. Schwinger, L. Biedenharn and H. Van Dam (Eds.) Academic, New York (1965), p. 229.
[13] D.B. Lmeshevskiy and V.I. Man’ko, J. Russ. Laser Res. 33, 166-175 (2012).
[14] M. Weissbluth, Atoms and molecules, Elsevier, 2012.
[15] F. T. Hioe, J. Opt. Soc. Am. B, Vol. 4, No. 8 (1987).
[16] J. J. Sakurai,Modern quantum mechanics, revised edition, San Fu Tuan, Editors (1994), II Edition.
[17] N. V. Vitanov and B. M. Garraway, Phys. Rev. A 53, 6 (1996).
[18] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1964).
[19] V. G. Bagrov, D. M. Gitman, M. C. Baldiotti and A. D. Levin, Ann. Phys. (Berlin) 14 (11) 764 (2005).
[20] M. Kuna and J. Naudts, Rep. Math. Phys. 65 (1) 77 (2010).
[21] E. Barnes and S. Das Sarma, Phys. Rev. Lett. 109 060401 (2012).
[22] A. Messina and H. Nakazato, J. Phys. A: Math. Theor. 47 445302 (2014).
[23] L. A. Markovich, R. Grimaudo, A. Messina and H. Nakazato, Ann. Phys. (NY) 385 522 (2017).
[24] R. Grimaudo, A. S. M. de Castro, H. Nakazato and A. Messina, Ann. Phys. (Berlin) 530, 12 1800198
(2018).
[25] R. Grimaudo, A. Messina, H. Nakazato, Phys. Rev. A 94, 022108 (2016).
[26] R. Grimaudo, A. Messina, P. A. Ivanov, N. V. Vitanov, J. Phys. A 50 (17) 175301 (2017).
[27] R. Grimaudo,Y. Belousov, H. Nakazato and A. Messina, Ann. Phys. (NY) 392, 242 (2017).
[28] R. Grimaudo, L. Lamata, E. Solano, A. Messina, Phys. Rev. A 98, 042330 (2018).
[29] R. Grimaudo, N. V. Vitanov, and A. Messina, Phys. Rev. B 99 (17), 174416 (2019).
[30] R. Grimaudo, N. V. Vitanov, and A. Messina, Phys. Rev. B 99 (21), 214406 (2019).
[31] R. Grimaudo, A. Isar, T. Mihaescu, I. Ghiu, and A Messina, Res. Phys. 13, 102147 (2019).
[32] R. Grimaudo, A. S. M. de Castro, M. Kus´, and A. Messina, Phys. Rev. A 98 (3), 033835 (2018).
[33] R. Grimaudo, A. S. M. de Castro, H. Nakazato, and A. Messina, Phys. Rev. A 99 (5), 052103 (2019).
[34] C. E. Ruter, K. G. Makris, R. El-Ganainy, D. N. Christodoulides, and D. Kip, Nat. Phys. 6, 192 (2010).
[35] M. Liertzer, L. Ge, A. Cerjan, A. D. Stone, H. E. Tureci, and S. Rotter, Phys. Rev. Lett. 108, 173901 (2012).
[36] S. Bittner, B. Dietz, U. Gunther, H. L. Harney, M. MiskiOglu, A. Richter, and F. Schafer, Phys. Rev. Lett.
108, 024101 (2012).
[37] J. Schindler, A. Li, M. C. Zheng, F. M. Ellis, and T. Kottos, Phys. Rev. A 84, 040101(R) (2011).
[38] V. Tripathi, A. Galda, H. Barman, and V. M. Vinokur, Phys. Rev. B 94, 041104(R) (2016).
[39] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, J. Math. Phys. 17, 821 (1976); G. Lindblad, Commun.
Math. Phys. 48, 119 (1976).
[40] F. Lorenzen, M. A. de Ponte, N. G. de Almeida, and M. H. Y. Moussa, Phys. Rev. A 80, 062103 (2009).
[41] A. Sergi, G. Hanna, R. Grimaudo, and A. Messina, Symmetry 10
